INVERSION AND REPRESENTATION THEOREMS FOR A GENERALIZED LAPLACE INTEGRAL
K. M. SAKSENA 1 Φ Varma [8] introduced a generalization of the Laplace integral (1) jr ( where φ(t)eL(0, oo), m > -1/2 and x > 0. This generalization is a slight variant of an equivalent integral introduced earlier by Meijer [7] and reduces to (1) when k + m = 1/2. In a recent paper [1] Erdelyi has pointed out that the nucleus of (2) can be expressed as a fractional integral of e~x t in terms of the operators of fractional integration introduced by Kober [6] . In this note two theorems have been given-one giving an inversion formula for the transform (2) and another giving necessary and sufficient conditions for the representation of a function as an intgral of the form (2) by considering its nucleus as a fractional integral of e~x t .
2. The operators are defined as follows,
where
The Γ^a + (c + -
and provided that 1/p > 0, 9 + 1/g > 0 and C + Vv > °I t has also been shown by Erdelyi [2] that if the integral in (4) is evaluated by the calculus of residues then it can be expressed in terms of a confluent hypergeometric function. In particular,
where J^(x) and F{x) are given by (1) and (2) respectively.
Proof. Case I (1/2) -ra-&>0, l<p<co. If φ(t) e L p (0, oo), 1 <; p < oo and x > 0 it is easy to see that exists. Therefore
But from a theorem of Hardy [5] we know that if φ(t) e L p (0, oo), 1 < p < oo then u λ -vp^{ u) e L,,(0, oo) and therefore (w -xYu β^( u) 6 L p (^, oo) provided that a + β = 1 -2/p and αp > -1. Therefore the integral will exist if the expressions within the brackets in the integrand belong to L p (x, oo) and L q (x, oo) respectively. The conditions for these
and a + β = 1 -2/p, ap > -1 which reduce to 2m > -1/g and (1/2) -m -& > 0. Hence under these conditions the integral converges absolutely and we can change the order of integration. Therefore
If p = 1, it is similarly seen that the change in the order of integration is justified if 2m > 0 and (1/2) -m -K > 0.
If α < 0 then the operator if^^^"^)} is defined as the solution, if any, of the integral equation
Again from a result of Hardy [5] we know that if
by Goldstein's formula [4] . Therefore This is a consequence of Theorem 2 of Erdelyi [3] and is proved similarly.
4. We are now in a position to give inversion and representation theorems for the transform.
We have seen that, under certain conditions, Also J^(x) has derivatives of all orders for x sufficiently large and vanishes at infinity. So we can apply the Post-Widder operator L Ku defined by the relation (where λ is a positive integer and u a real positive number) to and obtain an inversion theorem. 
LEMMA. // φ(t) e L p in

'\ψ(u)\ ^ [~\φ(ut)\*dt + hφ(0N* = (l + -)[~\Φ(t)\ p dt
In changing the order of integration, this becomes Proof. First let .F(#) have the representation (2). Then, from Theorem 1,
and as in the proof of Widder [9, Theorem 15a, we see that the conditions are satisfied.
Conversely, let the conditions be satisfied. Then again, as in the proof of Widder's theorem referred to before, we see that
Jo
Therefore [3, p. 300] F{X) = (ΛΓα/2)+in-fc,-(l/2)+m+fc)
by Theorem 1 and the theorem is proved. Proof. The proof is similar to that of Widder [9, Theorem 15b, p. 314] THEOREM 5b. 
